We study both the direct and the double dimensional reduction of space-like branes of Mtheory and point out some peculiarities in the process unlike their time-like counterpart. In particular, we show how starting from SM2 and SM5-brane solutions we can obtain SD2 and SNS5-brane as well as SNS1 and SD4-brane solutions of string theory by direct and double dimensional reductions respectively. In the former case we need to use delocalized SM-brane solutions, whereas in the latter case we need to use anisotropic SM-brane solutions in the directions which are compactified.
Introduction
Space-like branes [1] (or Sp-branes) are a class of time-dependent solutions of string/M theory (also of some field theories) which are subject of much interests in recent times. Sp-branes are topological defects localized in (p + 1) dimensional space-like surfaces and exist at a moment in time. They can be understood to appear as a time-like tachyonic kink solution of unstable D(p + 1)-brane in string theory [2] and is believed to shed light on dS/CFT correspondence [3, 4] . As for other time dependent solutions [5] S-branes 2 are also interesting from the cosmological point of view [7] . Various aspects of S-branes in M/string theory have been explored in [8, 9, 10, 11] .
Just like in static case M-theory has two kinds of S-branes, namely, SM2 and SM5-branes and are characterized by two parameters. On the other hand, string theory has SNS1, SNS5 and SDp-branes (as their time-like counterpart) characterized by four parameters. These solutions were obtained in [8] by solving the equations of motion of the corresponding supergravity actions. Since type IIA string theory can be obtained as S 1 reduction of M-theory, the M-theory S-branes SM2 must reduce to SD2 of type IIA string theory under direct dimensional reduction [12] and to SNS1 under double dimensional reduction [13] as in the static case. Similarly, SM5-brane should reduce to SNS5-brane of type IIA string theory under direct dimensional reduction and SD4-brane under double dimensional reduction as is known for the static case. However, the reduction procedure can not be the same since the M-theory S-branes are two parameter solution, whereas the string theory solutions are four parameter solutions [8] . The naive dimensional reduction can not produce new parameters in the reduced solutions.
The purpose of this paper is to show how starting from M-theory S-branes one can reproduce the various string theory S-branes under dimensional reductions since all Mtheory and string theory S-brane solutions are known explicitly. For the BPS timelike branes, the direct dimensional reduction is performed along a transverse space-like isometric direction, where isometry is produced by placing parallel branes periodically along the to be compactified transverse direction. However, for the space-like branes this procedure is not well-defined, so, instead we use a delocalized SM2 and SM5-brane solutions (as has been obtained in [8] with a modification) along the to be compactified transverse direction. We will show that the direct dimensional reduction of this solution correctly reproduces the known SD2 3 and SNS5-brane solution of type IIA string theory.
The double dimensional reduction for the time-like branes is much easier to perform since here the compactification is done along one of the space-like directions of the brane which is already an isometric direction. For the space-like branes although the procedure is similar, but we will show that we must start from anisotropic (in the to be compactified longitudinal direction of the brane) SM-brane solutions in order to reproduce both the SNS1 and SD4 solutions of type IIA string theory under double dimensional reductions. The organization of this paper is as follows. In section 2, we write the localized Sp-brane solutions of the gravity coupled to the dilaton and an n-form field strength in d = p + n + 2 dimensions. In d = 11, 10 they represent various S-brane solutions of M/string theory in question. In section 3, we discuss the direct dimensional reductions. The double dimensional reductions are discussed in section 4. We conclude in section 5.
Localized Sp-brane solutions
In this section, we write the localized Sp-brane solutions obtained in [8] (by setting k = q there) by solving the equations of motion resulting from d-dimensional gravity coupled to the dilaton and an n-form field strength. The solution in space-time dimensions d = p + n + 2 has the symmetry ISO(p + 1) × SO(n, 1) and takes the form,
In the above A, B and C are functions of time satisfying a gauge condition
In this gauge the equations of motion simplify and the three functions can be expressed in terms of two independent functions as,
Also in the above dΣ 2 n,σ is the line element of the hyperbolic (σ = −1), flat (σ = 0) and spherical (σ = +1) space, a is the dilaton coupling to the n-form field strength, b is the field strength parameter and ǫ(Σ n,σ ) is the unit volume element of Σ n,σ . By solving the equations of motion the functions f (t) and g(t) are obtained as,
, for σ = +1 (2.4) where α, β, c 1 , c 2 , t 0 are integration constants. χ is defined as, 2.5) and the constants satisfy the following relation,
This is the complete localized Sp-brane solution in d space-time dimensions. For d = 11, a = c 1 = c 2 = 0, we get localized SM2-brane solution for p = 2 and n = 7 (also χ = 6) and SM5-brane solution for p = 5 and n = 4 (χ = 12 in this case). On the other hand, for d = 10 we get localized SD2 solution for p = 2, n = 6, a = −1/2, χ = 32/5 and SNS5 solution for p = 5, n = 3, a = −1, χ = 16. We also get SNS1 solution for p = 1, n = 7, a = 1, χ = 16/3 and SD4 solution for p = 4, n = 4, a = 1/2, χ = 32/3. Although we will not use the localized SM-brane solutions for dimensional reduction as they will not produce the correct localized string theory S-brane solutions, we will comment on them later for comparison. The localized string theory S-brane solutions as given in (2.1) -(2.6) for various values of p, n, a and χ will be compared after the dimensional reduction of appropriate M-theory S-branes. We comment that M-theory S-branes are characterized by the parameters α, β, t 0 and b with a relation between α and β given by (2.6) . But β can be eliminated from the solution by appropriate scaling of t and x i coordinates. So, the solution would depend on two parameters. Similarly, the string theory solution can be shown [10] to depend on four parameters c 1 , c 2 , t 0 , b. However, in our discussion we will keep the parameters α and β explicitly for both the M-theory and the string theory solutions.
Direct dimensional reduction
As mentioned in the introduction in order to correctly reproduce the string theory Sbranes we must start from a delocalized SM-brane solution and compactify the delocalized direction. So, instead of the form of the metric in (2.1), we start from the metric ansatz (this is exactly the same as in [8] , with q − k = 1),
We take φ = 0. The equations of motion for gravity coupled to n-form field strength can be solved with the gauge condition,
Using equations of motion and the gauge condition (3.2) the four functionsÃ,B,C and D can be expressed as,Ã
Note that the delocalized solution in [8] does not contain the linear part (c 1 t +c 2 ) in the above functions and so, will not give the correct string theory solution under direct dimensional reductions. The solution of the equations of motion give the functionsf(t) andg(t) in the forms, (3.4) with the parameter relation given as follows,
Also, the form of the field strength is given as F n = bǫ(Σ n−1,σ ) ∧ dy. In d = 11, eqs.(3.1) -(3.5) represent delocalized SM2-brane solution for p = 2, n = 7, χ = 6 and delocalized SM5-brane solution for p = 5, n = 4, χ = 12. The 11-dimensional solution can be dimensionally reduced to 10-dimensions along y-direction by the following metric relation, is the Einstein frame metric. By comparing (3.6) with (3.1) we obtain the dilaton as,
This would be identified with the dilaton for the 10-dimensional solutions, namely, the localized SD2 and SNS5-brane solutions which we discuss separately below.
(a) SM2 → SD2
Note that we have p = 2, n = 7, a = 0 and χ = 6 for SM2-brane solution and p = 2, n = 6, a = −1/2 and χ = 32/5 for SD2-brane solution. So, from (3.7) we find,
for the reduced SM2-brane solution. On the other hand, we find from (2.1)
for the SD2-brane solution. So, identifying (3.8) with (3.9) we get,
We also findβ = β, by examining the 'sinh' function ing(t) (given in (3.4) ) and g(t) (given in (2.4)). With this identification the parameter relation (3.5) becomes, 6 5c
This is exactly the parameter relation (2.6) for the SD2-brane solution. The form of the 10-dimensional Einstein frame metric can be calculated from (3.6) as,
Now it can be easily checked using (3.8) , (3.4) and (3. 3) that (3.13) Where in writing the last two expressions in the above we have used eqs. (3.4) , (3.10) , (2.4) and (2.3) . So, the metric (3.12) takes exactly the same form as SD2-brane metric given in (2.1). The field strength also takes the same form as that of SD2-brane. We have thus shown how to obtain SD2-brane solution of type IIA string theory from a delocalized SM2-brane solution of M-theory under direct dimensional reduction.
(b) SM5 → SNS5
Here we note that for SM5-brane solution p = 5, n = 4, a = 0 and χ = 12 and for SNS5-brane solution p = 5, n = 3, a = −1 and χ = 16. So, from (3.7) we find that the dilaton takes the form,
for the reduced SM5-brane solution. On the other hand, we find from (2.1)
for the SNS5-brane solution. So, identifying (3.14) with (3.15) we get,
Also, as before we haveβ = β. With this identification the parameter relation for the delocalized SM5-brane solution (3.5) takes the following form using (3.16), 3 2c
This is exactly the parameter relation of SNS5-brane solution given in (2.6). The 10-dimensional Einstein frame metric can be obtained from (3.6) as,
It can be checked using (3.14), (3.4) and (3. 3) that 1 6 φ + 2Ã = − 9 2f + 6g + 33 4 (c 1 t +c 2 ) = 6g − 6f = 2A
Where in writing the last two expressions in the above we have used eqs.(3.4), (3.16), (2.4) and (2.3) . So, the metric (3.18) takes exactly the same form as SNS5-brane metric given in (2.1). The field strength also takes the same form as that of SNS5-brane solution. So, we have obtained SNS5-brane solution of type IIA string theory starting form the delocalized SM5-brane solution of M-theory by direct dimensional reduction.
Double dimensional reduction
In the case of double dimensional reduction we compctify the M-theory along one of the space-like directions of the brane. But, it is clear that if we start from the isotropic Mbrane solution given in (2.1), then the dilaton (3.6) in the reduced theory will not contain the linear time-dependent part (of the form c 1 t + c 2 ) and we will not get the right form of the dilaton (2.1) of the string theory S-brane. However, we show that if we use the anisotropic (along the to be compactified direction) M-theory S-brane solution, then we correctly reproduce the string theory S-brane under double dimensional reduction. So, instead of (2.1), we take the metric ansatz of the M-theory S-brane solution as,
where we identify x p+1 ≡ y as the to be compactified direction. Here also, we take φ = 0. The equations of motion is the same as in eqs. (3) - (5) of ref. [8] with φ = a = 0. However, the non-vanishing components of the Ricci tensor for the above metric takes the form
whereḡ ab is the metric of the hyperspace Σ n,σ and the Ricci tensor for this space is given by,R ab = σ(n − 1)ḡ ab . The equations of motion simplifies under the gauge condition,
Using this and the equations of motion, the above functions can be expressed as,
By solving the equations of motion we obtain, (4.5) where the parameters satisfy,
The field strength is given as F n = bǫ(Σ n,σ ). In d = 11, eqs.(4.1) -(4.6) represent the anisotropic SM2-brane solution for p = 2, n = 7, χ = 6 and anisotropic SM5-brane solution for p = 5, n = 4, χ = 12. The dimensional reduction is performed along the brane direction y and the relation between the 11-dimensional metric and the 10-dimensional metric is as given in (3.6) . By comparing (3.6) with (4.1) we obtain the dilaton as,
This would be identified with the dilaton for the 10-dimensional solution i.e. the localized SNS1 and SD4-brane solution and we discuss the two cases separately below.
(a) SM2 → SNS1
In this case we have p = 2, n = 7, a = 0, χ = 6 for SM2-brane solution and p = 1, n = 7, a = 1, χ = 16/3 for SNS1-brane solution (given in (2.1)). So, from (4.7) and (4.5)
for the dimensionally reduced anisotropic SM2-brane. On the other hand, from (2.1) we find,
for the SNS1-brane. Identifying (4.8) with (4.9) we find, 4.10) and comparing the 'sinh' function inĝ(t) in (4.5) and g(t) in (2.1) we getβ = β. Now using (4.10) the parameter relation (4.6) reduces to, 2 3ĉ (4.11) This is exactly the parameter relation of SNS1-brane solution given in (2.6). The 10-dimensional Einstein frame metric (3.6) Now using (4.7) and (4.4) we find, (4.13) Where in writing the last two expressions above we have used eqs.(4.5), (4.10) , (2.4) and (2.3). We therefore find that the metric in (4.12) matches exactly with that of SNS1-brane solution given in (2.1). The 7-form field strength also matches trivially. This therefore shows that the double dimensional reduction of an anisotropic SM2-brane solution indeed correctly reproduces the SNS1-brane solution of type IIA string theory.
Here also we employ the same procedure as in the previous subsection. In this case p = 5, n = 4, a = 0, χ = 12 for SM2-brane solution and p = 4, n = 4, a = 1/2, χ = 32/3 for SD4-brane solution (given in (2.1)). The dilaton for the dimensionally reduced anisotropic SM5-brane can be obtained from (4.7) and (4.5) as,
14)
The form of the dilaton for the SD4-brane solution can be obtained from (2.1) as,
Identifying these two we obtain,
Also as before we getβ = β. So, using (4.16) the parameter relation for SM5-brane solution (4.6) gives, 5 6ĉ
We note that this is precisely the parameter relation for the SD4-brane solution as can be seen from (2.6). Now we can check whether the dilaton as well as the parameter identification correctly reproduces the 10-dimensional SD4-brane metric from (3.6) . The Einstein frame metric in (3.6) has the form,
It can be easily checked using (4.7) and (4.16) that (4.19) In the last two expressions above we have used eqs.(4.5), (4.16), (2.4) and (2.3) . This shows that we indeed obtain SD4 metric, dilaton, and the 4-form field strength (this matches trivially) starting from the anisotropic SM5-brane solution by double dimensional reduction.
Conclusion
In this paper we have studied the direct as well as the double dimensional reduction of the M-theory S-branes to string theory S-branes. This procedure is well-known for the usual time-like branes, but we pointed out that the reduction procedure is quite different for the S-branes. The difference can be understood since both M-theory and string theory S-brane solutions are known explicitly and it is also known that M-theory solutions are characterized by two parameters whereas the string theory solutions are characterized by four parameters. Although the physical meaning of these parameters is not well understood, it is clear that new parameters can not be produced by only dimensional reduction. New parameters can be introduced if instead of localized MSbrane solutions given in eq.(2.1), we start from delocalized (in one of the transverse to be compactified space-like directions of the brane) or anisotropic (in one of the longitudinal to be compactified directions of the brane) solutions. Inspection of the equations of motion suggests that the delocalization or the anisotropization (along one direction which is to be compactified) of the MS-branes produces exactly the required number of parameters for the string theory S-branes. This is exactly what we have done and thus we have shown that these solutions i.e. SM2 and SM5 correctly reproduces the string theory Sbranes namely, SD2 and SNS5-brane under direct dimensional reduction and SNS1 and SD4-brane under double dimensional reduction. For direct dimensional reduction we have used the delocalized solution and for double dimensional reduction we have used the anisotropic solution.
It should be noted that since the dilaton of the string theory is related to the radius of the compactified eleventh dimension by e 2φ/3 ∼ R 11 and it is time dependent, it is quite crucial to see whether the compactification is achieved by looking at whether e φ ∼ R 3/2 11 ≪ 1. As t varies, we notice from (3.7) and (4.7) that it would depend on the parameters α and c 1 . It is conceivable that there might exist some range of t, where R 11 remains large and we will see the full 11-dimensional theory instead of the 10-dimensional one. However, in 11 dimensions the decompactified (or 'uplifted') string theory S-branes would not be the localized, isotropic MS-branes, but the delocalized or anisotropic branes.
